By variational methods and some analysis techniques, the multiplicity of positive solutions is obtained for a class of weighted quasilinear elliptic equations with critical Hardy-Sobolev exponents and concave-convex nonlinearities.
Introduction and Main Results
Let Ω be a smooth bounded domain in R N N ≥ 3 and 0 ∈ Ω. We will study the multiplicity of positive solutions for the following quasilinear elliptic problem: dx.
1.2
Then J λ ∈ C 1 W, R . u ∈ W \ {0} is said to be a solution of 1.1 if J λ u , v 0 for all v ∈ W and a solution of 1.1 is a critical point of J λ . By the standard elliptic regularity argument, we deduce that u ∈ C 1 Ω \ {0} . Problem 1.1 is related to the following Hardy inequality 1 : When a 0, we set s dp * 0, d and t bp * 0, b , then 1.1 is equivalent to the following quasilinear elliptic equations:
where
Such kind of problem relative with 1.7 has been extensively studied by many authors. When p 2, people have paid much attention to the existence of solutions for singular elliptic problems see 6-16 and their references therein , besides, in the most of these papers, the operator −Δ − μ/|x| 2 with Sobolev-Hardy critical exponents the case that t 0 has been considered. Some authors also studied the singular problems with SobolevHardy critical exponents the case that t / 0 see 17-22 and their references therein . In 23, 24 , the authors deal with doubly-critical exponents.
When p / 2. The quasilinear problems related to Hardy inequality and Sobolev-Hardy inequality have been studied by some authors 25-32 . Here we recall the work in 25 , where the extremal functions for the best Sobolev constant S μ,0,0 were studied. The results can be employed to study the problems with critical Sobolev exponents and Hard terms, see 25, 28 . In 26 it is investigated in R N a quasilinear elliptic equation involving doubly critical exponents by the concentration compactness principle 33, 34 .
We should note that the nonlinearities of problems studied in 11-14, 26, 28, 31 are all not sublinear or p-sublinear near the origin. To the best of our knowledge, there are few results of problem 1.7 with nonlinearities being p-sublinear near the origin for 1 < p < N. We are only aware of the works 20, 30, 32 which studied the existence and multiplicity of positive solution of problem 1.7 with 1 ≤ q < p < N. In this paper, we study 1.1 and extend the results of 20, 30, 32 to the case a / 0 and 1 ≤ q < p < N.
For 0 ≤ a < N − p /p, a ≤ b < a 1, and 0 ≤ μ < μ, consider the following limiting problem: 
is achieved by U ε . Moreover, U p,μ is radially symmetric and possesses the following properties:
where c i i 1, 2 are positive constants and α μ , β μ are the zeros of the function 
Throughout this paper, let R 0 be the positive constant such that Ω ⊂ B 0; R 0 , where B 0; R 0 {x ∈ R N : |x| < R 0 }. By Hölder and Sobolev-Hardy inequalities, for all u ∈ W, we obtain
|x| dp
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where ω N 2π N/2 /NΓ N/2 is the volume of the unit ball in R N . Furthermore, from 0 ≤ a < N − p /p and a ≤ d < a 1, we can deduce that
which implies
1.17
Combining these with 1 ≤ q < p, we get Λ 0 > 0. We are now ready to state our main results. This paper is organized as follows. In Sections 2 and 3, we give some preliminaries and some properties of Nehari manifold. In Section 4, we complete proofs of Theorem 1.1. At the end of this section, we explain some notations employed. In the following discussions, we will denote various positive constants as C, C i and omit dx in the integral for convenience. We denote B 0; R as a ball centered at the origin with radius R, and 
Nehari Manifold
Since the functional J λ is not bounded from below on W, we will work on Nehari manifold. For λ > 0 we define
We recall that any nonzero solutions of 1.1 belong to N λ . Moreover, by definition, we have that u ∈ N λ if and only if
The following result is concerned with the behavior of J λ on N λ .
Lemma 2.1. J λ is coercive and bounded from below on
Proof. If u ∈ N λ , then by 1.14 and 2.2 , we get
2.4
Since 0 ≤ a < N − p /p, a ≤ b, d < a 1 and 1 ≤ q < p < p * a, b , it follows that J λ is coercive and bounded from below on N λ .
.
2.5
Note that ψ λ is of class C 1 with
2.6
Abstract and Applied Analysis 7 Furthermore, if u ∈ N λ , then by 2.2 , we have that
2.8
Now we split N λ into three sets:
2.9
The following result shows that minimizers on N λ are the "usual" critical points for J λ . Proof. We argue by contradiction. Suppose that there exists a λ ∈ 0, Λ 0 such that N 0 λ / ∅. Let u ∈ N 0 λ be arbitrary, then by 2.2 , 2.7 , and 2.8 , we have that
2.10
By 1.14 , 2.10 , and Sobolev-Hardy inequality, we get
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Hence we must have
which is a contradiction.
For each u ∈ W \ {0}, let
2.13
Lemma 
2.16
Abstract and Applied Analysis 9 and so also using 2.2 ,
2.17
Therefore, from the definition of α λ and α λ , we can deduce that
. By 2.7 ,
2.18
Moreover, by Sobolev-Hardy inequality,
This implies
By 2.4 and 2.20 , we have
2.21
Thus, if λ ∈ 0, q/p Λ 0 , then
for some positive constant d 0 .
Remark 2.6. If λ ∈ 0, q/p Λ 0 , then by Lemma 2.4 and Theorem 2.5, for each u ∈ W \ {0}, we can easily deduce that
Proof of the Main Results
First, we define the Palais-Smale simply by PS sequences, PS -values, and PSconditions in W for J λ as follows. 
Proposition 3.2. i If
Proof. The proof is similar to 29, Proposition 3.3 and the details are omitted. Now, we establish the existence of a local minimum for J λ on N λ .
ii u λ is a positive solution of 1.1 ,
Proof. By Proposition 3.2 i , there exists a minimizing sequence {u n } ⊂ N λ such that
Since J λ is coercive on N λ see Lemma 2.1 , we get that {u n } is bounded in W. From 5, Lemma 2.1 , we deduce that the embedding W → L r Ω, |x| −dp * a,d
is compact for 1 ≤ r < p * a, d . Thus, there exists u λ ∈ W, passing to a subsequence if necessary, using similar arguments found in 27, 36 , then one can get that as n → ∞ u n u λ weakly in W,
−dp * a,d
3.2
Consequently, passing to the limit in J λ u n , v , by 3.1 and 3.2 , as n → ∞, we have
Thus u λ is a weak solution of 1.1 . Furthermore, from u n ∈ N λ and 2.3 , we deduce that
Let n → ∞ in 3.4 , by 3.1 and 3.2 , and since α λ < 0 by i of Theorem 2.5, we get
Thus u λ / ≡ 0, and since J λ u λ 0, it follows that u λ ∈ N λ and, in particular, J λ u λ ≥ α λ .
Next, we will show, up to a subsequence, that u n → u λ strongly in W and J λ u λ α λ . From the fact u n , u ∈ N λ , 2.3 and the Fatou's lemma, it follows that
lim inf 
